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Original framework

Historically, t-structures were introduced in the context of
triangulated categories of stable homotopy theory and of derived
categories of sheaves over schemes.

Definition ([DP61], [Ver96])
A triangulated category is an additive category Cwith a
translation functor [1]: C→ C and a class of exact triangles

X
f
−→ Y

g
−→ Z

δ
−→ X[1]

which is closed under isomorphism and satisfies the set of
axioms TR1, TR2, TR3, TR4, TR5.
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Definition of a t-structure

While not every triangulated category is the derived category of
an abelian category, t-structures allow to abstract the concept of
extracting homology groups from chain complexes.

Definition ([BBD82])
A t-structure on a triangulated category C is the datum of two
full subcategories

�

C¾0, C¶0

�

, that we call the categories of
connective and coconnective objects respectively, such that

1 C¾1 := C¾0[1] ⊆ C¾0 and C¶−1 := C¶0[−1] ⊆ C¶0.

2 For all X in C¾0 and all Y in C¶0, HomC(X, Y[−1])∼= 0.

3 All objects X of C sit in an exact triangle
Y → X→ Z→ Y[1] with Y lies in C¾0 and Z in C¶−1.

The heart of the t-structure is C♥ := C¾0
⋂

C¶0.
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Connective and coconnective covers

For any integer n, the natural inclusions ι¾n : C¾n ,→ C and
ι¶n : C¶n ,→ C admit, respectively, a right adjoint
τ¾n : C→ C¾n and a left adjoint τ¶n : C→ C¶n called
respectively the n-connective and n-coconnective cover.

One has for all couples m¶ n natural transformations
τ¶n→ τ¶m and τ¾m→ τ¾n, such that

1 τ¶m
'
−→ τ¶m ◦τ¶n.

2 τ¾n
'
−→ τ¾n ◦τ¾m.

3 τ¾m ◦τ¶n
'
−→ τ¶n ◦τ¾m.

In particular, one can define the functor
H0 := τ¾0 ◦τ¶0 : C→ C♥. By shifting, one has
Hn := τ¾n ◦τ¶n ' H0 ◦[−n]: C→ C♥.

Emanuele Pavia ItaCa 2021 21st December 2021 5 /21



ItaCa 2021

Emanuele
Pavia

Historical
motivations
and examples
Original framework

t-structures in
triangulated
categories

t-structures in
higher category
Miscellanea on higher
category theory

Stable∞-categories

t-structures in higher
category theory

Explicit case:
filtered and
mixed graded
complexes
Filtered complexes

Mixed graded
complexes

References

Connective and coconnective covers

For any integer n, the natural inclusions ι¾n : C¾n ,→ C and
ι¶n : C¶n ,→ C admit, respectively, a right adjoint
τ¾n : C→ C¾n and a left adjoint τ¶n : C→ C¶n called
respectively the n-connective and n-coconnective cover.
One has for all couples m¶ n natural transformations
τ¶n→ τ¶m and τ¾m→ τ¾n, such that

1 τ¶m
'
−→ τ¶m ◦τ¶n.

2 τ¾n
'
−→ τ¾n ◦τ¾m.

3 τ¾m ◦τ¶n
'
−→ τ¶n ◦τ¾m.

In particular, one can define the functor
H0 := τ¾0 ◦τ¶0 : C→ C♥. By shifting, one has
Hn := τ¾n ◦τ¶n ' H0 ◦[−n]: C→ C♥.

Emanuele Pavia ItaCa 2021 21st December 2021 5 /21



ItaCa 2021

Emanuele
Pavia

Historical
motivations
and examples
Original framework

t-structures in
triangulated
categories

t-structures in
higher category
Miscellanea on higher
category theory

Stable∞-categories

t-structures in higher
category theory

Explicit case:
filtered and
mixed graded
complexes
Filtered complexes

Mixed graded
complexes

References

Connective and coconnective covers

For any integer n, the natural inclusions ι¾n : C¾n ,→ C and
ι¶n : C¶n ,→ C admit, respectively, a right adjoint
τ¾n : C→ C¾n and a left adjoint τ¶n : C→ C¶n called
respectively the n-connective and n-coconnective cover.
One has for all couples m¶ n natural transformations
τ¶n→ τ¶m and τ¾m→ τ¾n, such that

1 τ¶m
'
−→ τ¶m ◦τ¶n.

2 τ¾n
'
−→ τ¾n ◦τ¾m.

3 τ¾m ◦τ¶n
'
−→ τ¶n ◦τ¾m.

In particular, one can define the functor
H0 := τ¾0 ◦τ¶0 : C→ C♥.

By shifting, one has
Hn := τ¾n ◦τ¶n ' H0 ◦[−n]: C→ C♥.

Emanuele Pavia ItaCa 2021 21st December 2021 5 /21



ItaCa 2021

Emanuele
Pavia

Historical
motivations
and examples
Original framework

t-structures in
triangulated
categories

t-structures in
higher category
Miscellanea on higher
category theory

Stable∞-categories

t-structures in higher
category theory

Explicit case:
filtered and
mixed graded
complexes
Filtered complexes

Mixed graded
complexes

References

Connective and coconnective covers

For any integer n, the natural inclusions ι¾n : C¾n ,→ C and
ι¶n : C¶n ,→ C admit, respectively, a right adjoint
τ¾n : C→ C¾n and a left adjoint τ¶n : C→ C¶n called
respectively the n-connective and n-coconnective cover.
One has for all couples m¶ n natural transformations
τ¶n→ τ¶m and τ¾m→ τ¾n, such that

1 τ¶m
'
−→ τ¶m ◦τ¶n.

2 τ¾n
'
−→ τ¾n ◦τ¾m.

3 τ¾m ◦τ¶n
'
−→ τ¶n ◦τ¾m.

In particular, one can define the functor
H0 := τ¾0 ◦τ¶0 : C→ C♥. By shifting, one has
Hn := τ¾n ◦τ¶n ' H0 ◦[−n]: C→ C♥.

Emanuele Pavia ItaCa 2021 21st December 2021 5 /21



ItaCa 2021

Emanuele
Pavia

Historical
motivations
and examples
Original framework

t-structures in
triangulated
categories

t-structures in
higher category
Miscellanea on higher
category theory

Stable∞-categories

t-structures in higher
category theory

Explicit case:
filtered and
mixed graded
complexes
Filtered complexes

Mixed graded
complexes

References

Examples of t-structures and their hearts

1 The derived category hD(A) of an abelian category A
admits a canonical t-structure.

hD¾0(A) := {X• | Hn(X•)∼= 0 for all n< 0} .
hD¶0(A) := {X• | Hn(X•)∼= 0 for all n> 0} .

The heart of such t-structure is (naturally equivalent to) A

itself.

2 The stable homotopy category hSp admits a canonical
t-structure, whose heart is naturally equivalent to the
category Ab of abelian groups.

Theorem ([BBD82, Theorem 1.3.6])

The heart C♥ is an admissible abelian subcategory of Cwhich is
stable under extensions, and the additive functor H0 : C→ C♥

turns any exact triangle of C into a long exact sequence of C♥.
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Structural properties of t-structures

Definition ([BBD82])
Let C be a triangulated category with t-structure.

The t-structure is bounded below (resp. above) if the
inclusion C− :=

⋃

C¾n ⊆ C (resp. C+ :=
⋃

C¶n ⊆ C) is
an equivalence.

If it is both bounded below and above, the
t-structure is simply bounded.

The t-structure is left (resp. right) separated if
⋂

C¾n (resp.
⋂

C¶n) consists only of zero objects. If it is both left and
right separated, the t-structure is non-degenerate.

Some properties of C and pathological behaviors of t-structures
can be often expressed in terms of these properties.

Emanuele Pavia ItaCa 2021 21st December 2021 7 /21



ItaCa 2021

Emanuele
Pavia

Historical
motivations
and examples
Original framework

t-structures in
triangulated
categories

t-structures in
higher category
Miscellanea on higher
category theory

Stable∞-categories

t-structures in higher
category theory

Explicit case:
filtered and
mixed graded
complexes
Filtered complexes

Mixed graded
complexes

References

Structural properties of t-structures

Definition ([BBD82])
Let C be a triangulated category with t-structure.

The t-structure is bounded below (resp. above) if the
inclusion C− :=

⋃

C¾n ⊆ C (resp. C+ :=
⋃

C¶n ⊆ C) is
an equivalence. If it is both bounded below and above, the
t-structure is simply bounded.

The t-structure is left (resp. right) separated if
⋂

C¾n (resp.
⋂

C¶n) consists only of zero objects.

If it is both left and
right separated, the t-structure is non-degenerate.

Some properties of C and pathological behaviors of t-structures
can be often expressed in terms of these properties.

Emanuele Pavia ItaCa 2021 21st December 2021 7 /21



ItaCa 2021

Emanuele
Pavia

Historical
motivations
and examples
Original framework

t-structures in
triangulated
categories

t-structures in
higher category
Miscellanea on higher
category theory

Stable∞-categories

t-structures in higher
category theory

Explicit case:
filtered and
mixed graded
complexes
Filtered complexes

Mixed graded
complexes

References

Structural properties of t-structures

Definition ([BBD82])
Let C be a triangulated category with t-structure.

The t-structure is bounded below (resp. above) if the
inclusion C− :=

⋃

C¾n ⊆ C (resp. C+ :=
⋃

C¶n ⊆ C) is
an equivalence. If it is both bounded below and above, the
t-structure is simply bounded.

The t-structure is left (resp. right) separated if
⋂

C¾n (resp.
⋂

C¶n) consists only of zero objects. If it is both left and
right separated, the t-structure is non-degenerate.

Some properties of C and pathological behaviors of t-structures
can be often expressed in terms of these properties.

Emanuele Pavia ItaCa 2021 21st December 2021 7 /21



ItaCa 2021

Emanuele
Pavia

Historical
motivations
and examples
Original framework

t-structures in
triangulated
categories

t-structures in
higher category
Miscellanea on higher
category theory

Stable∞-categories

t-structures in higher
category theory

Explicit case:
filtered and
mixed graded
complexes
Filtered complexes

Mixed graded
complexes

References

Structural properties of t-structures

Definition ([BBD82])
Let C be a triangulated category with t-structure.

The t-structure is bounded below (resp. above) if the
inclusion C− :=

⋃

C¾n ⊆ C (resp. C+ :=
⋃

C¶n ⊆ C) is
an equivalence. If it is both bounded below and above, the
t-structure is simply bounded.

The t-structure is left (resp. right) separated if
⋂

C¾n (resp.
⋂

C¶n) consists only of zero objects. If it is both left and
right separated, the t-structure is non-degenerate.

Some properties of C and pathological behaviors of t-structures
can be often expressed in terms of these properties.

Emanuele Pavia ItaCa 2021 21st December 2021 7 /21



ItaCa 2021

Emanuele
Pavia

Historical
motivations
and examples
Original framework

t-structures in
triangulated
categories

t-structures in
higher category
Miscellanea on higher
category theory

Stable∞-categories

t-structures in higher
category theory

Explicit case:
filtered and
mixed graded
complexes
Filtered complexes

Mixed graded
complexes

References

Drawbacks of triangulated categories

It is well known that, for many purposes, triangulated categories
have some fatal flaws.

1 The assignation f 7→ cone(f) is highly non-functorial: if C

admits countable products and coproducts, it can be made
into a functor precisely if all exact triangles in C are split.

2 Derived categories of quasi-coherent O-modules over
non-affine schemes do not satisfy Zariski-descent: in general,
one cannot glue objects and morphisms over an affine
covering up to homotopy.

The problem lies in the fact that in triangulated categories many
important constructions are unique up to a non-unique
isomorphism.
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Motivation for∞-categories

In order to solve these problems, one needs to keep track of all
the homotopy coherences. While this appears somewhat
complicated in the 1-categorical world, one achieves this
naturally in the ∞-categorical world.

The definition of a ∞-category is technically cumbersome, and
relies heavily on the model considered: simplicial model
categories ([Qui67]), and equivalently topologically enriched
categories, quasicategories ([BV73]), complete Segal spaces
([Rez01]). All these categories are Quillen equivalent.

Nowadays, the canon introduction to this theory is [Lur09].
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complicated in the 1-categorical world, one achieves this
naturally in the ∞-categorical world.

The definition of a ∞-category is technically cumbersome, and
relies heavily on the model considered: simplicial model
categories ([Qui67]), and equivalently topologically enriched
categories, quasicategories ([BV73]), complete Segal spaces
([Rez01]). All these categories are Quillen equivalent.

Nowadays, the canon introduction to this theory is [Lur09].
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"Definition" of∞-categories

Definition (Slogan)

An ∞-category is a category with k-morphisms for all k¾ 0
defined in the following way.

For k= 0, 0-morphisms are the objects.

For k> 0, we define k-morphisms as morphisms between
(k− 1)-morphisms α: F→ G.

Such k-morphisms are required to satisfy associative, unit and
exchange rules (up to a given system of n-equivalences for n> k)
and to be weakly invertible for all n> 1.

Alternatively, one can imagine ∞-categories to be categories
enriched in the homotopy category hTop := Top

�

W−1
�

.
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Relationship with the 1-categorical framework

The homotopy type of a topological space X is encoded in
its fundamental ∞-groupoid, i.e., an ∞-category Π∞(X)
whose k-morphisms are the set of homotopical classes of
k-dimensional paths of X.

An ordinary category is an ∞-category with strict identities
as the unique k-morphisms for k> 1. The inclusion of the
∞-category of (small) strict 1-categories in the ∞-category
of all (small) ∞-categories admits a left adjoint that sends
an ∞-category C to its homotopy category hC.

Given a 1-category Cwith a class of weak equivalences W,
Dwyer-Kan localization produces an ∞-category LH(C)
such that h

�

LH(C)
�

agrees with the homotopy category
C
�

W−1
�

.
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∞-categorical constructions

Many notions and constructions of ordinary category theory, and
arguably all those that really matter, can be extended to carried
out in the framework of ∞-categories as well.

1-categories ∞-categories
Set S

Hom-set Mapping space
Isomorphism Homotopy equivalence

Limits and colimits Homotopy limits and colimits
Adjunction ∞-adjunction

Presheaves with Set-values Presheaves with S-values
Yoneda embedding ∞-Yoneda embedding
Grothendieck topos ∞-topos
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Algebra in∞-categories

Given a pointed ∞-category Cwith zero object 0, a square

X Y

0 Z

f

g

is a fiber (resp. cofiber) sequence if it is a pullback (resp.
pushout) diagram.

Definition ([Lur17])
A pointed ∞-category C is stable if all morphisms admit a fiber
and a cofiber, and a triangle is a fiber sequence if and only if it is
a cofiber sequence.

The looping (resp. suspension) of an object X is
X[−1] := fib(0→ X) (resp. X[1] := cofib(X→ 0)).
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Nice properties of stable∞-categories

Theorem ([Lur17])
Fibers and cofibers of morphisms are ∞-functorial.

Given an∞-category Cwith finite limits, there exists a stable
∞-category Sp(C) with a left exact ∞-functor C→ Sp(C)
which is universal among all left exact∞-functors with stable
codomain.

An ∞-functor F : C→ D between stable ∞-categories is left
exact if and only if it is right exact.

The homotopy category of a stable ∞-category C is always
triangulated, with exact triangles given by the homotopy
classes of fiber/cofiber sequences.
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Stable enhancements of well known triangulated
categories

Many triangulated categories presented before admit
enhancements to the world of stable ∞-categories.

1 Given an abelian category A, there exists a stable derived
∞-category D(A) whose homotopy category agrees with
the triangulated category hD(A).

2 In particular, for every ordinary ring R there exists stable
∞-categories of left modules LModR and right modules
RModR. If it is commutative, they are both equivalent to
the other and are denoted by ModR.

3 The stabilization Sp := Sp(S) of the ∞-category of
homotopy types is the stable ∞-category of spectra, and its
homotopy category is the stable homotopy category hSp.
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Definition of t-structures on stable∞-categories

Definition (Generalization of t-structures to stable∞-categories)

A t-structure on a stable ∞-category C is the datum of two full
sub-∞-categories

�

C¾0, C¶0

�

such that

1 For all X in C¾0 and all Y in C¶0, MapC(X, Y[−1])' {∗}.
2 C¾1 := C¾0[1] ⊆ C¾0 and C¶−1 := C¶0[−1] ⊆ C¶0.

3 For all objects X of C there exists a fiber/cofiber sequence
Y → X→ Z→ Y[1] with Y in C¾0 and Z in C¶−1.

A t-structure on a stable ∞-category C induces a t-structure on
the homotopy category hC.

The converse also holds.

Definition (t-structure on a stable ∞-category as in [Lur17])
A t-structure on a stable ∞-category is a classical t-structure on
its homotopy category.
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Filtered objects in stable∞-categories

Definition ([Ill71], [Bei87])

The ∞-category of filtered |-modules Modfil
| for a commutative

ring | is the ∞-category of ∞-functors Fun
�

Z¾, Mod|
�

, i.e. the
∞-category of sequences of |-modules

M• : . . .→Mn+1→Mn→Mn−1→ . . . .

Given a filtered |-module M•,

1 Its underlying complex is M−∞ := colimq∈ZMq.

2 Its derived intersection is M∞ := limq∈ZMq. If M∞ ' 0, M•
is complete (or Hausdorff).

3 Its associated graded complex is
Gr•X• :=

�

GrqM• := cofib
�

Mq+1→Mq

�	

q∈Z.
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| for a commutative

ring | is the ∞-category of ∞-functors Fun
�

Z¾, Mod|
�

, i.e. the
∞-category of sequences of |-modules

M• : . . .→Mn+1→Mn→Mn−1→ . . . .

Given a filtered |-module M•,

1 Its underlying complex is M−∞ := colimq∈ZMq.

2 Its derived intersection is M∞ := limq∈ZMq. If M∞ ' 0, M•
is complete (or Hausdorff).

3 Its associated graded complex is
Gr•X• :=

�

GrqM• := cofib
�

Mq+1→Mq

�	

q∈Z.
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Beilinson t-structure in the stable setting

Theorem ([Bei87], [BMS19])

The ∞-category of filtered |-modules Modfil
| admits a t-structure

described in the following way.
�

Modfil
|

�

¾0
:=
�

M• | Hn

�

GrqM•
�∼= 0 for all n< −q

	

.
�

Modfil
|

�

¶0
:=
�

M• | Hn

�

Mq

�∼= 0 for all n> −q
	

.

The heart of such t-structure is equivalent to the abelian 1-category
of chain complexes of |-modules.

There exist filtered |-modules M• such that
Hfil

n (M•) := τ¾n ◦τ¶n(M•) is trivial for any n, without being
trivial themselves: the Beilinson t-structure is not left separated
or left complete. Its left completion is the ∞-category spanned
by those filtered complexes endowed with complete filtration.
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Mixed graded complexes

Over a base of characteristic 0, we can characterize the left
completion of the t-structures on filtered complexes in a
different way.

Definition ([PTVV13])
Let | be a Noetherian commutative Q-algebra. A mixed graded
complex of |-modules is a graded complex M• :=

�

Mq

	

q∈Z with a

collection of morphisms
�

εq : Mq→Mq−1[−1]
	

such that
εq−1[−1] ◦ εq = 0.
By Dwyer-Kan localizing, one gets the ∞-category of mixed
graded |-modules ε -Modgr

| .
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Visualizing mixed graded complexes

M• :

. . .

. . .

. . .

. . .

. . .

M1

. . .

M1,1

M1,0

M1,−1

. . .

M0

. . .

M0,1

M0,0

M0,−1

. . .

M−1

. . .

M−1,1

M−1,0

M−1,−1

. . .

. . .

. . .

. . .

. . .

. . .

d1

d1

d0

d0

d−1

d−1

ε1,0

ε1,−1

ε0,−1

ε0,−1
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Mixed graded complexes as complete filtered
complexes

Theorem ([TV20], [P20XX])

The stable ∞-category ε - Modgr
| admits a t-structure described in

the following way.

1
�

ε - Modgr
|

�

¾0
:=
�

M• | Hn

�

Mq

�∼= 0 for all n< −q
	

.

2
�

ε - Modgr
|

�

¶0
:=
�

M• | Hn

�

Mq

�∼= 0 for all n> −q
	

.

Moreover, there exists a fully faithful t-exact embedding
ε - Modgr

| ,→Modfil
| which induces an equivalence on those

complexes with complete filtrations.
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